In this paper we study the dynamics of the trapped region using a frame independent semi-tetrad covariant formalism for general Locally Rotationally Symmetric (LRS) class II spacetimes. We covariantly prove some important geometrical results for the apparent horizon, and state the necessary and sufficient conditions for a singularity to be locally naked. These conditions bring out, for the first time in a quantitative and transparent manner, the importance of the Weyl curvature in deforming and delaying the trapped region during continual gravitational collapse, making the central singularity locally visible.
Introduction
Since Penrose proposed the famous Cosmic Censorship Conjecture (CCC) in 1969, 1 stating that singularities observable from the outside will never arise in generic gravitational collapse which starts from a perfectly reasonable nonsingular initial state, there have been numerous attempts towards validating this conjecture by means of a rigorous mathematical treatment. However, this conjecture remains unproved, and it has been recognised as one of the most important open problems in gravitational physics. The key point here is that the validity of this conjecture will confirm the already widely accepted and applied theory of black hole dynamics, which has considerable amount of astrophysical applications. On the other hand, it's overturn will throw the black hole dynamics into serious doubt. This is because most of the important fundamental global theorems in black hole physics assume that the spacetime manifold is future asymptotically predictable. In other words this condition ensures that there should be no singularity to the future of the partial Cauchy surface which is 'naked' or visible from future null infinity.
2
Although no conclusive proof or disproof of CCC could be formulated, the quest gave rise to a number of counter examples which showed there are shell focusing naked singularities occurring at the centre of spherically symmetric dust, perfect fluids or radiation shells (see for example Ref. 3,4 and references therein). We can, in principle, rule out these naked singularities by stating that dust or perfect fluids are not really 'fundamental' forms of matter field, as their properties are not derived from a 'proper' Lagrangian. However, if cosmic censorship is to be established as a rigorous mathematical theorem, this objection has to be made precise in terms of a clear and simple restriction on the energy momentum tensor of the matter field. This paper discusses the CCC using the semi-tetrad covariant formalisms applied to LRS-II spacetimes.
Semi-tetrad covariant formalisms
In the 1+3 covariant formalism the covariant derivative of the time like vector u a can be decomposed into the irreducible part as
c , where A a =u a is the acceleration, Θ = D a u a is the expansion, σ ab = D a u b is the shear tensor and w a = ǫ abc D b u c is the vorticity vector. The energy momentum tensor for a general matter field can be similarly decomposed as follows
where
d is the 3-vector defining the heat flux and π ab = π ab is the anisotropic stress.
We choose to work on the isotropic LRS spacetimes where all vector and tensor vanishes, and the non-zero 1+1+2 variables are covariantly defined scalars are {A, Θ, φ, ξ, Σ, Ω, E, H, µ, p, Π, Q}. Within the LRS cases is the LRS-II class that admits spherically symmetric solutions and is free of rotation, thus allowing for the vanishing of the variables Ω, ξ and H. The set of quantities that fully describe LRS class II spacetimes are {A, Θ, φ, Σ, E, µ, p, Π, Q}. Using the field equations, we can write the evolution and propagation equations for the Gaussian curvature K arė
Apparent Horizon in spherically symmetric spacetimes
At this point let us define the notion of locally outgoing and incoming null geodesics with respect to the preferred spatial direction. For LRS-II spacetimes the outgoing null vector is defined as
Together with the covariant derivative given by
whereX a ,Ỹ a and λ are combinations in the above covariant derivative with e ã h ab = N ab equivalent to the projection tensor on the 2-sphere, andΘ out ,σ ab , ω ab represents the expansion, shear and vorticity of the outgoing null congruence respectively. A similar decomposition can be done for the incoming null geodesic l a . In order to define the trapped region of collapsing star, we follow the definition of the boundary of the trapped region which defines the apparent horizon as in, 2 and that surface is attained when the volume expansion of the outgoing null congruence vanishes (Θ out = 0). Proposition 3.1. For any spherically symmetric spacetime (M, g) that allows a local 1+1+2 splitting, the apparent horizon is described by the curve 2 3 Θ − Σ + φ = 0, while the cosmological horizon is described by
Proof. Working outΘ out we conclude thatΘ out =h ab ∇ b k a = E 2 3 Θ − Σ + φ . Hence for a null congruence with non-zero energy E,Θ out = 0 implies that
Proposition 3.2. For any spherically symmetric spacetime (M, g) that allows a local 1+1+2 splitting, the gradient of the Gaussian curvature of the 2-sheets that intersect with the apparent (or cosmological) horizon is null.
Proof. We calculate the quantity ∇ a K∇ a K for a spherically symmetric spacetime (where K = 0):
Hence for the 2-sheets intersecting the horizon (apparent or cosmological), the gradient of their Gaussian curvature is null.
As we are considering the scenario of gravitational collapse of massive stars, henceforth we will only concentrate on the apparent horizon. We have already seen that the curve Ψ ≡ 
It is interesting to note that the thermodynamical quantities together with the Weyl scalar completely determine the tangent to the apparent horizon. We will define the apparent horizon to be locally outgoing at a point p ∈ [u, e], if the slope of the tangent to the horizon is positive at p, that is α β > 0. Let the point p be labelled by the values of the local coordinates (t 0 , χ 0 ) which are the affine parameters along the integral curves of u a and e a respectively. Then a locally outgoing apparent horizon at p would imply that the 2-sheets (spherical shell) labelled by χ 0 +ǫ will get trapped later than t = t 0 , while the 2-sheet labelled by χ 0 gets trapped at t = t 0 . Finally as we can easily see that the sign of the scalar Ψ a Ψ a , determines whether the curve Ψ = 0 is timelike, spacelike or null in the [u, e] plane. Hence (1) The spacetime is free of shell crossing singularities, (2) Closed trapped surfaces exist, then the necessary and sufficient condition for the central singularity to be locally naked is that the slope of the tangent to the apparent horizon at the central singularity is positive and non spacelike ( α β ≥ 1).
Proof. Let the central singularity be denoted by (t = t s0 , χ = 0) in the [u, e] plane. The key point here is that there should be available an untrapped region in the local neighbourhood of the central singularity for a null geodesic with the past end point arbitrarily near the central singularity to escape. We have assumed here that the singularity curve is a non-decreasing function of the affine parameter of the integral curve of the vector e a (see 15 ) , and hence no other collapsing shell becomes singular before the central shell. If the apparent horizon at the central singularity is "ingoing", that is α β < 0, then the neighbourhood of the centre gets trapped before the central singularity and no null geodesic from a point arbitrarily close to the central singularity can escape. Also if the apparent horizon is "outgoing" but spacelike, that is 0 ≤ α β < 1, then any outgoing null direction from the central singularity will be necessarily within the trapped region. Hence for these cases, any null geodesic from a point arbitrarily close to the central singularity will haveΘ out < 0 and hence they will fall to the singularity. Therefore the necessary condition for a singularity to be locally naked is that the slope of the tangent to the apparent horizon at the central singularity is positive and non-spacelike ( α β ≥ 1). Conversely, suppose there exist a family of future directed null geodesics that has escaped from the points arbitrarily close to the central singularity in the [u, e] plane. Then that would imply these points are non-trapped and the slope of the apparent horizon curve at the central singularity is greater than (or equal to) the slope of these outgoing null geodesics in order for them to escape. Hence α β ≥ 1 is the necessary and sufficient condition for the singularity to be locally naked. Proof. We know that for a perfect fluid we have Q = Π = 0, and at the central singularity α β = 1 implies
For the perfect fluid satisfying the strong energy conditions, µ+3p µ+p is finite and hence |E| µ+p at the central singularity along the apparent horizon tends to infinity.
The above result clearly shows that the electric part of the Weyl scalar (which is responsible for the tidal forces) must diverge faster than the energy density along the apparent horizon curve, for a singularity to be locally naked. It also highlights the importance of tidal forces in delaying the trapping. In fact, this results closely relates to the result obtained in Ref. 6 . . If the strong energy condition is satisfied with µ+p > 0, then we have the following cases: If µ > 3p then the Ψ a is "ingoing" timelike, whereas if µ = 3p then the Ψ a is "ingoing" null, and finally if µ < 3p then the Ψ a is "ingoing" spacelike. In all these cases the region around the centre gets trapped before the central singularity. Hence the singularity is always covered and the collapse end state is always a black hole.
Some examples that can be applied to the above considerations are found in Ref. 18 
Discussion
In this paper, working in a covariant and frame independent formalisms, we successfully identified the physical and geometrical mechanisms responsible for delaying the trapped surface formation and making the central singularity locally naked during the continued gravitational collapse of a massive star. By working out the dynamics of the trapped region we transparently and quantitatively identified the role of Weyl curvature in deforming the trapped region in such a way that the singularity can be naked. As we know the Weyl curvature is responsible for the tidal force between nearby geodesics that generates the spacetime shear. In fact from the field equations of LRS-II spacetimes we can immediately see that the Weyl scalar is the source term for the shear evolution equation. Spacetime shear then deforms the apparent horizon and delays the trapping as shown in Ref. 6,7. 
